The aim of this paper is to introduce the concept of generalised multi-fuzzy soft set. We also define several generalised multi-fuzzy soft set operations and study their properties, and applications of generalised multi-fuzzy soft sets in decision making problem were presented.
Introduction
Algebraic structures play a prominent role in mathematics with applications in such disciplines as theoretical physics, computer science, coding theory, and topological spaces. Researchers should continue to review abstract algebraic concepts and results in the broader framework of the fuzzy setting. One structure that's mathematical applications are most extensively discussed is lattice theory.
In real life, problems in economics, engineering, social sciences, and medical science do not always involve crisp data. We frequently cannot use traditional mathematical methods because of various uncertainties presented in these applied problems. To overcome these uncertainties, theories like fuzzy set, intuitionistic fuzzy set, rough set, and bipolar fuzzy set have been produced. However, each theory possesses inherent difficulties. Molodtsov initiated the concept of soft set theory as a new mathematical tool for dealing with uncertainties, which is free from the above limitations.
Maji et al. [14] offered the first practical application of soft sets in decision making problems. These authors introduced and studied the more generalised concept of the fuzzy soft set, which is a combination of fuzzy and softs. Majumdar and Samanta [15] generalised the fuzzy soft set concept introduced by Maji et al. [13] .
A new type of fuzzy set (multi-fuzzy set) was introduced by Sebastian and Ramakrishnan [19] . This set uses ordered sequences of membership function and provides a new method to represent problems not captured in other extensions of fuzzy set theory, such as pixel colour.
The notion of multi-fuzzy complex numbers and sets were first introduced by Dey and Pal [7] . These authors introduced multifuzzy complex nilpotent matrices over a distributive lattice. Recently, Yong et al. [23] proposed the concept of the multi-fuzzy soft set for its application to decision making, which is a more general fuzzy soft set.
The purpose of our paper is to generalise the concept of the multi-fuzzy soft set and overcome existing uncertainties related to this problem. The generalised multi-fuzzy soft set is more feasible because it accounts for uncertainty in the selection of a fuzzy soft set corresponding to each parameter value. Relations on generalised multi-fuzzy soft sets are defined and their properties are studied. A decision making problem is then solved to identify its practical applications. To facilitate our discussion, we first review some background on soft set, fuzzy soft set, multi-fuzzy set and multi-fuzzy soft set in Section 2. In Section 3, the concept of generalised multi-fuzzy soft set is introduced, and certain of its structural properties are studied. In Section 4, the multi-fuzzy soft set is used to analyse a decision making problem, and an algorithm is proposed. Final conclusions are presented in Section 5.
Preliminaries
Throughout this paper, U refers to an initial universal set; E is a set of parameters; andP(U) is the power set of U and A4E.
Definition 1 [16] (Soft sets) A pair (F,A) is called a soft set over U, where F is a mapping given by F:A / P(U).
In other words, a soft set over U is a mapping from parameters to P(U). P(U) is not a set, but a parameterized family of subsets of U.
Example 1 Let U ¼ {b 1 ,b 2 ,b 3 ,b 4 ,b 5 } be a set of bikes under consideration. Let A ¼ {e 1 ,e 2 ,e 3 } be a set of parameters, where e 1 ¼ expensive, e 2 ¼ beautiful and e 3 ¼ good mileage. Suppose that F(e 1 ) ¼ {b 2 ,b 4 }, F(e 2 ) ¼ {b 1 ,b 4 ,b 5 }, F(e 3 ) ¼ {b 1 ,b 3 }. The soft set (F,A) describes the "attractiveness of the bikes". F(e 1 ) means "bikes (expensive)" whose function value is the set {b 2 ,b 4 }, F(e 2 ) means "bikes (beautiful)" whose function value is the set {b 1 ,b 4 ,b 5 } and F(e 3 ) means "bikes (good mileage)" whose function value is the set {b 1 ,b 3 }.
Definition 2 [13] (Fuzzy soft sets) LetPðUÞ be all fuzzy subsets of U. A pair ðF; AÞ is called fuzzy soft set over U, whereF is a mapping given byF : A/PðUÞ.
Example 2 Consider Example 1.The fuzzy soft set ðF; AÞ can describe the "attractiveness of the bikes" under the fuzzy circumstances. Note 1 A multi-fuzzy set of dimension 1 is a Zadeh's fuzzy set, and a multi-fuzzy set of dimension 2 with m 1 (u) þ m 2 (u) 1 is an Atanassov's intuitionistic fuzzy set. Note 2 If P k i¼1 m i ðuÞ 1, for all u2U, then the multi-fuzzy set of dimension k is called a normalized multi-fuzzy set. If P k i¼1 m i ðuÞ ¼ l > 1 for some u2U, we redefine the multi-membership degree (m 1 (u),m 2 (u),…,m k (u)) as 1 l ðm 1 ðuÞ; m 2 ðuÞ; …; m k ðuÞÞ, then the non-normalized multi-fuzzy set can be changed into a normalized multi-fuzzy set.
Definition 4 [19] LetÃ2M k FSðUÞ. IfÃ ¼ fu=ð0; 0; …; 0Þ : u2Ug, thenÃ is called the null multi-fuzzy set of dimension k, denoted bỹ F k . IfÃ ¼ fu=ð1; 1; …; 1Þ : u2Ug, thenÃ is called the null multifuzzy set of dimension k, denoted by1 k .
Example 3 Suppose a colour image is approximated by an m Â n matrix of pixels. Let U be the set of all pixels of the colour image. For any pixel u in U, the membership values m r (u),m g (u),m b (u) are the normalized red value, green value and blue value of the pixel u, respectively. Therefore, the colour image can be approximated by the collection of pixels with the multi-membership function (m r (u),m g (u),m b (u)) and can be represented as a multi-fuzzy set A ¼ fu=ðm r ðuÞ; m g ðuÞ; m b ðuÞÞ : u2Ug. In a two dimensional image, pixel colour cannot be characterized by a membership function of an ordinary fuzzy set. However, pixel colour can be characterized by a three dimensional membership function (m r (u),m g (u),m b (u)). In fact, a multi-fuzzy set can be understood as a more general fuzzy set using ordinary fuzzy sets as its building blocks.
Definition 5 [19] LetÃ ¼ fu=ðm 1 ðuÞ; m 2 ðuÞ; …; m k ðuÞÞ : u2Ug and B ¼ fu=ðn 1 ðuÞ; n 2 ðuÞ; …; n k ðuÞÞ : u2Ug be two multi-fuzzy sets of dimension k in U. We define the following relations and operations.
(1)Ã8B if and only if m i (u) n i (u),cu2U and 1 i k. A multi-fuzzy soft set is a mapping from parameters to M k FS(U).
This set is a parameterized family of multi-fuzzy subsets of U. For e2A,FðeÞ may be considered a set of e-approximate elements of the multi-fuzzy soft set ðF; AÞ. Example 4 Suppose that U ¼ {c 1 ,c 2 ,c 3 ,c 4 ,c 5 } is the set of cell phones under consideration. A ¼ {e 1 ,e 2 ,e 3 } is the set of parameters, where e 1 stands for the parameter colour, which consists of red, green and blue, e 2 stands for the parameter ingredient, which is made from plastic, liquid crystal and metal, and e 3 stands for the parameter price, which can be high, medium and low. We define a multi-fuzzy soft set of dimension 3 as follows: (1) A4B, and (2)FðeÞ8GðeÞ for all e2A.
In this case, we write ðF; AÞ8ðG; BÞ. Definition 8 [23] (Null multi-fuzzy soft sets) A multi-fuzzy soft set ðF; AÞ of dimension k over U is said to be null multi-fuzzy soft set, denoted byF k A ifFðeÞ ¼F k for all e2A. Definition 9 [23] (Absolute multi-fuzzy soft sets) A multifuzzy soft set ðF; AÞ of dimension k over U is said to be an absolute multi-fuzzy soft set, denoted byŨ k A ifFðeÞ ¼1 k for all e2A.
Generalised multi-fuzzy soft sets
In this section, we introduce a modified definition of multi-fuzzy soft set.
Definition 10 Let U ¼ {x 1 ,x 2 ,…,x n } be the universal set of elements and E ¼ {e 1 ,e 2 ,…,e n } be the universal set of parameters and Example 5 Suppose that U¼{c 1 ,c 2 ,c 3 ,c 4 ,c 5 } is the set of cell phones under consideration, A¼{e 1 ,e 2 ,e 3 } is the set of parameters, where e 1 stands for the parameter colour, which consists of red, green and blue, e 2 stands for the parameter ingredient, which is made from plastic, liquid crystal and metal, and e 3 stands for the parameter price which can be high, medium and low. Let In this case, we write ðF m ; AÞyðG d ; BÞ. Definition 13 A generalised multi-fuzzy soft set ðF m ; AÞ of dimension k over U is said to be a generalised null multi-fuzzy soft set, denoted byF 
Application of generalised multi-fuzzy soft sets in decision making
Roy et al. [14] presented an object identification algorithm based on fuzzy soft set theory. Ref. [12] modified Roy's algorithm to compare choice values of different objects (i.e. higher choice value) [10] . Feng et al. proposed that the concept of choice values is designed for crisp soft sets and is unfit to solve decision making problems involving fuzzy soft sets. Yong Yang et al. [23] presented a novel approach to multi-fuzzy soft set based decision making problems using Feng's algorithm. We use the possibility of belongingness to solve a decision making problem in the following section. This problem is based on the concept of the generalised multi-fuzzy soft set.
Let U¼{x 1 ,x 2 ,…,x n } be the universal set of elements, E¼ {e 1 ,e 2 ,…,e n } be the universal set of parameters and A4E. Let ðF d1 ; AÞ be a generalised multi-fuzzy soft set of dimension k over U. For each e2AF d1 ðeÞ ¼ ðfx 1 =ðm 1 ðx 1 Þ; m 2 ðx 1 Þ; …; m k ðx 1 ÞÞ; x 2 =ðm 1 ðx 2 Þ; m 2 ðx 2 Þ; … ; m k ðx 2 ÞÞ; …; x n =ðm 1 ðx n Þ; m 2 ðx n Þ; …; m k ðx n ÞÞg; d 1 ðeÞÞ ¼ ðFðeÞ; d 1 ðeÞÞ, whereFðeÞ is a normalized multi-fuzzy soft set of dimension k over U. Now,
Suppose w d2 ðeÞððw 1 ; w 2 ; …; w k Þ T ; d 2 ðeÞÞ; ð P k i¼1 w i ¼ 1Þ, be the relative weight of the parameter e. Now, we define an induced generalized fuzzy soft set as:
Thus, if w d2 ðeÞ is given, we can change a generalised multi-fuzzy soft setF d1 ðeÞ into an induced generalised fuzzy soft setF d1d2 ðeÞ.
We shall now use the induced generalised fuzzy soft setF d1d2 ðeÞ to make a decision.
In the following section, we present an algorithm to select an optimal decision.
An algorithm
Input: The generalised multi fuzzy soft set ðF d1 ; AÞ and relative weight (w(e i ),d 2 (e i )) of parameter e i .
Output: The product x k for some k.
Step 1. A generalised multi fuzzy soft set ðF d1 ; AÞ and relative weight (w(e i ),d 2 (e i )) of parameter e i is taken as input.
Step 2. Change the multi-fuzzy soft set ðF; AÞ into the normalized multi-fuzzy soft set.
Step 3. Compute the induced generalised fuzzy soft set
Step 4. Choose the mid-level decision rule for decision making.
Step 5. Compute the mid-level soft set L (DF
Step 6. Present the mid-level soft set L (DF
; mid) in tabular form and compute the choice value c i of x i , ci.
Step 7. Compute max i c i .
Step 8. If maximum attained at only one value (e.g., j), then the optimal decision is to select x j .
Step 9. If maximum attained for multiple values of i, then compute the weighted choice vales c j of x j for all j and present the weighted choice vales c j in tabular form.
Step 10. Compute maximum weighted choice value c k ¼ max j fc j g.
Step 11. If k has only one value, then the optimal decision is to select x k .
Step 12. If k has more than one value, then any one of x k may be an optimal decision.
Experimental analysis
Let U ¼ {m 1 ,m 2 ,m 3 ,m 4 ,m 5 } be the universe consisting of five types of cell phones. Let A ¼ {e 1 ,e 2 ,e 3 } be the parameters set. Here, e 1 stands for the parameter colour, which consists of red, green and blue; e 2 stands for the parameter ingredient, which is made from plastic, liquid crystal and metal; and e 3 stands for the parameter price which can be high, medium and low. Suppose that ¼ ðF d1d2 ; AÞ with its tabular representation as in Table 1 . Choice value with choice values with tabular representations, as in Table 2 .
From Table 2 , the choice values c 2 ¼ c 4 ¼ c 5 ¼ 2 > c 1 ¼ c 3 ¼ 1. Therefore, c j ¼ maxfc 1 ; c 2 ; c 3 ; c 4 ; c 5 g ¼ c 2 or c 4 or c 5 . Thus, the maximum is attained for multiple values, and we have to compute the weighted choice value c j of m j for all j. Now from Table 3, Therefore, the maximum weighted choice value ¼ max fc 1 ; c 2 ; c 3 ; c 4 ; c 5 g ¼ c 4 .
Because the maximum weighted choice value was attained for the weighted choice value was c 4 of m 4 . Hence, the customer should select m 4 as the best cell phone after specifying weights for different parameters.
Conclusions
The purpose of this paper was to generalise the concept of multi-fuzzy soft set and obtain a new approach for managing uncertainties. The definition of the generalised multi-fuzzy soft set is more realistic because it involves uncertainty in the selection of a fuzzy soft set corresponding to each parameter value. Generalised multi-fuzzy soft set relations are defined, their properties are studied and a decision making problem is solved to illustrate their applications. To extend this work, one could study the topological structure for generalised multi-fuzzy soft sets. We hope that our work enhances the understanding of generalised multi-fuzzy soft sets for future researchers.
